In applications to several simple reaction systems we have explored a "direct simulation" method for predicting and understanding the behavior of gas phase chemical reaction systems. This Monte Carlo method, originated by Bird, has been found remarkably successful in treating a number of difficult problems in rarefied dynamics. Extension to chemical reactions offers a powerful tool for treating reaction systems with nonthermal distributions, with coupled gas-dynamic and reaction effects, with emission and adsorption of radiation, and with many other effects difficult to treat in any other way. The usual differential equations of chemical kinetics are eliminated. For a bimolecular reaction of the type A + B--t C + D with a rate sufficiently low to allow a continued thermal equilibrium of reactants we find that direct simulation reproduces the expected second order kinetics. Simulations for a range of temperatures yield the activation energies expected for the reaction models specified. For faster reactions under conditions leading to a depletion of energetic reactant species, the expected slowing of reaction rates and departures from equilibrium distributions are observed. The minimum sample sizes required for adequate simulations are as low as 1000 molecules for these cases. The calculations are found to be simple and straightforward for the homogeneous systems considered. Although computation requirements may be excessively high for very slow reactions, they are reasonably low for fast reactions, for which nonequilibrium effects are most important.
INTRODUCTION
Since its beginning the science of chemical kinetics has been a science of differential equations. Chemical reactions occur as the result of collisions between species, and reactions are inherently stochastic processes, but reaction rates are usually predicted and understood with the use of differential equations. In fluid mechanics the "direct simulation" of collections of colliding molecules has been found extremely useful, and the gas dynamics of many systems is more easily predicted and understood by using Monte Carlo methods than by constructing and solving sets of differential equations. For many problems in gas dynamics a Monte Carlo direct simulation is the preferred method of solution. In chemical kinetics the simulation of collections of colliding molecules is also possible, and for many reaction systems direct simulation by Monte Carlo methods may also be preferred to conventional methods.
Although a Monte Carlo simulation of a gas was described by Kelvin' in 1901, it was not until the 1960's that the use of such simulations became practical for solving problems in the field of rarefied gas dynamics. The combination of an efficient sampling technique developed by Bird' in 1963 with high speed computers made possible the nearly exact simulation of a large number of systems which previously had been impossible to analyze. Such the 1960's the efficiency of computers, as measured in terms of floating point operations per inflation-adjusted dollar, has increased by a factor of 10 about every four years, and many more systems, including those with chemical reactions, are now within the range of Monte Carlo simulations.
In the field of chemical kinetics simulation methods have been investigated in only a few studies. Matthes3 described Monte Carlo calculations of relaxation and of reaction for homogeneous systems of a small number of particles. Bird"'j has noted the possibilities, presented a basic formulation of his direct simulation method, and discussed some of the difficulties. Koura7 has solved the Boltzmann equation for reacting systems with a Monte Carlo test-particle procedure. We and others have used the direct simulation method for several problems of species separation in mixtures of gases in free-jet expansions and in the shock structures at probes immersed in supersonic flows. ' More recently, we have found the method to be practical for treating several complex problems in the redistribution and relaxation of energy among the electronic states of a dilute gas.'." For these systems and for many other systems the direct simulation method is certainly the method of choice. In particular, for inhomogeneous reaction systems in which the distributions of molecular states are non-Boltzmann and the velocity distributions are non-Maxwellian, direct simulation is likely to be the only choice.
We report here several applications of the direct simulation method in predicting and understanding a homogeneous gas phase reaction system in which a simple bimolecular reaction of the type A + B -+ C + D takes place. In each case the behavior of a large number of molecules in a "real" system is simulated by following the behavior of a lesser number of sample molecules in a dynamically similar "sample" system. Conditions are varied so that cases of equilibrium and nonequilibrium reactant distributions may be examined. Reaction rates and the temperature dependence of reaction rates are determined for different types of reaction models. Finally, the limits of sample size are investigated and computation requirements are examined.
BRIEF DESCRIPTION OF THE METHOD
For the typical simulation in gas dynamics' the flow field is divided into cells with dimensions of about one mean free path and the number densities of molecules in the gas are reduced by many orders of magnitude to give about 30 molecules per cell. To maintain dynamic similarity, in which the free paths and the collision rates of individual molecules are the same as in the real system, the effective collision cross sections are increased in the same ratio that the densities are decreased. The Knudsen number thus remains the same. The initial and boundary conditions are chosen to correspond to those of the real system.
Time is advanced one step, about that required for molecules to move one-tenth of the distance across a cell, and each molecule is moved according to its velocity. Molecules may cross cell boundaries freely. The molecules within each cell are then given the opportunity to collide with molecules within the same cell. Pairs of molecules are picked at random and retained with a probability proportional to the product of their relative velocity and cross section. If selected, the collision partners are allowed to collide and they proceed through the dynamics of a collision, which may be simple or complex. A collision alters the velocities of the colliding molecules but their positions are unchanged. The selection of partners and the collisions are repeated until the number of collisions for the cell matches that for the time step and collision rate for the cell. Molecules in all the cells are then moved again and the entire process is repeated.
The most important 'trick' in the Bird method is the clever way of selecting collision partners and determining the collision rate within each cell. In the procedure described above it is not necessary to calculate relative velocities for every possible pair of molecules in a cell at each time step. The collision rate is determined from the velocities and cross sections for the molecules sampled and the result is usually a savings of many factors of 10 in computation effort.
The dynamics of individual collisions may be treated in any practical way appropriate for the problem considered. Differential scattering, reactive or not, is easily incorporated with either analytic expressions or look-up tables. Threebody collisions may also be treated without much of an increase in complexity.
The method is exact in the limit of small time steps and small cell sizes, but the treatment of dense systems is ultimately limited by the requirements of these small step sizes and the large computation effort associated with large numbers of time steps and cells. Applications in chemical kinetics are thus restricted to fairly reactive systems at reasonably low gas densities, but it is these systems which exhibit the greatest departures from equilibrium distributions and which are most difficult to treat in any other way. As computation efficiency increases and as faster algorithms are developed for dense gases, the range of applications will continue to increase.
THEORETICAL BASIS FOR DIRECT SIMULATION
We outline here the theoretical basis for direct simulation of a dilute, homogeneous, chemically reacting gas mixture contained within a fixed volume. In this special case the system may be treated as a single cell, the positions of the molecules may be assumed to be random within the cell, and the movements of the molecules may be ignored. The "gas dynamics" part of a complete simulation is eliminated, but the collisions are retained and any two molecules may collide at any time.
Let the volume of the real system be V, the number of real molecules be N, and the total collision cross section for a pair of molecules indexed i and j be S( iJ,u,,, ) which may depend on u,,~ (ij), the relative velocity of the pair. The collision rate r, (ij) for any two molecules i and j is given by r, Cij) = urel (ij)S(ij,u,, j/V.
The collision rate Zi of molecule i with all other molecules in the real system is given by
j= 1,N j#i and the total collision rate in the real system is the sum for all pairs
In terms of the average ( (v,,S) ) for all pairs of molecules the collision rate is
For the special case of a fixed cross section S for all collisions, equal masses m for all molecules and reduced masses ,u for all pairs, and an equilibrium velocity distribution at temperature T, the average collision rate (Z, ) for a single molecule is
and the mean free path (A,) is
Since N is generally much greater than unity these formulas are often written with (N -1) replaced by N.
In simulating a real system it is necessary to reduce the number N, which might be on the order of 102', to a more reasonable number N', which might be 10' for currently available computers. Let N' and S '(i&u,, ) be the number of molecules and the collision cross sections for the simulation. To maintain dynamic similarity-i.e., to keep the collision rates, the mean free paths, and all other collision-dependent single molecule properties the same as those of the real system-the cross section S ' must be increased from S according to the formula
With S and N of Eq. ( 2 ) replaced by S ' and N ' according to Eq. ( 7 1, the collision rate Z I for a molecule in the simulation is the same as that in the real system z; = zj.
Similarly, we have for the average collision rate (Z;) and the mean free path /1; in the simulation (Zl) = 6%) (9) and /I; =A,.
We should point out that we have kept the volume of the simulated system the same as that of the real system. In rarified gas dynamics a characteristic length parameter D is usually considered variable. The volume Vis proportional to D 3, and two systems may exhibit dynamic similarity if their Knudsen numbers Kn = il /D = V/,/?(N -1)SD are equal. For a fixed volume, (i.e., fixed Vand D) equal Knudsen numbers imply equal quantities (N -1 )S. If the length parameter is allowed to be varied for a reaction system, dynamic similarity is obtained for equal values of V/,&N-1)SD. In a real system with a single cell and random molecular positions the collisions occur between molecules with rates given by Eq ( 1) . Collisions may be considered to occur sequentially in time with pairs of molecules selected according to their collision rate.
In the simulation, pairs of molecules are selected for collision according to their collision rate as given by Eq. ( 1) with use of S' in place of S. When a pair of molecules is selected for collision, the state and velocity of each molecule are known and the impact parameter b may be chosen at random from the appropriate distribution. This completes the specification of the initial conditions required for determining the dynamics of the collision and thus the result of the collision. Whatever the collision details, the result is altered molecular velocities and, in the case of reaction, altered species identities. The simulation is continued with a new selection of collision partners and an alteration of their velocities and identities. A complete simulation consists of the repetition for thousands or millions of collisions.
To introduce time into the simulation, the advance in the number of collisions is related to the advance in time by the collision rate. In principle, one could evaluate the total collision rate by summing the rates for all pairs of molecules as in Eq. (3), but the large number of pairs may make such summations impractical. However, the total collision rate may be evaluated by sampling the pairs of molecules. The device originated by Bird for direct simulations is the use of the pairs selected for collisions as samples for determining the collision rate.
The time advance per collision is given by At= 2v 1
where (u,,, ,S ') c is that for the colliding pair of molecules. Since colliding pairs are chosen with a probability PC proportional to (u,,,S') we have An alternative method of generating an initial Maxwellian distribution is to start with a nonequilibrium distribution having the desired average energy and momenta, such as one with half the molecules moving one way and half the other, and simulating equilibration without reaction. The resulting distribution may be stored and reused in subsequent calculations, which might begin with a partial randomization.
The selection of collision partners is made by picking any two molecules ij at random, as by picking random inte- (12) gers in the range ( 1 ,N' ), calculating the relative velocity for the pair, and multiplying the cross section by that velocity to and the average value of the inverse of (u,,S ' ) for those chosen is
The average time advance per collision from Eq. ( 11) and the collision rate, which is the inverse of (At ), is that given by Eq. (4) modified by use of N' and S ', which is the desired collision rate. For second-order reactions the real rate constant k is related to the simulation rate constant k ' by the ratio of cross-sections, k/k ' = S/S ', when the cell volumes of the two systems are the same.
CALCULATION PROCEDURES
The simulations of this study give the transient behavior of bimolecular reaction systems begun with the systems in thermal equilibrium. The required inputs for a calculation are the numbers and masses of each molecular species, the scattering cross sections and reaction cross sections for every combination of species, the system volume, and the initial temperature. In addition, the collision details, in terms of differential scattering cross sections or in terms of collision models from which the departing species and their velocities may be determined, are required.
The real systems are specified in terms of N, S, V, initial temperature, and initial compositions. For the simulation the number N ' is normally set at 10 000 and S ' is increased according to Eq. (7).
The initial velocity components uXi and so forth for each molecule are selected from Maxwellian distributions using u,j = +
where NR is a random number in the range (0,l) and the sign is chosen positive or negative at random according to whether another random number is greater or less than onehalf. The average kinetic energy (E ) for all molecules is calculated and all velocities are adjusted by the ratio d(3/2)kT/(E) to obtain (E) exactly equal to 3 kT.
obtain the product u,,, (iJ)S '(ij,v,, ) . The ratio R of the product ( u,, S ' ) to ( v,,, S ' ) max, the highest value which is reasonably likely, is compared to a random number NR in the range (0,l); and if R is greater than NR the pair is accepted for a collision. If R is less than NR , two new molecules are selected as candidates. In this way, pairs are selected with a probability proportional to their products (u,,,,S'). The choice of ( u,~ ,S ') max is important. In principle, the correct value is infinity. If the value is too low, sampling is not properly biased to higher values of (u,,S ') . If the value is too high, the likelihood of R > NR is low and computation effort may be excessive. A reasonable compromise is a value of (%JS'Lx equal to 9/10 of the highest value observed in extended calculations.
For the calculations reported here, we treated all collisions as those of hard sphere molecules with collision cross sections of varying sizes for different combinations of molecules, but independent of relative velocity. Several types of reaction models with reaction cross sections dependent on relative velocities were employed.
The scattering of hard spheres is especially easy to treat. The velocities of two molecules can be transformed into the center-of-mass velocity for the pair and the relative velocity of one with respect to the other. In a collision the center-ofmass velocity is conserved and scattering is isotropic about the center of mass. In effect, the relative velocity is reoriented to a random direction.
For reactive collisions the center-of-mass velocity is conserved, but both the magnitude and the direction of relative velocity of the departing molecules may change. For an exothermic reaction the relative kinetic energy j,&, of the separating products is the sum of the relative kinetic energy of reactants and any energy released due to reaction. Similar considerations apply for an endothermic reaction. For the calculations described here the direction of the relative velocity for reaction products was taken as random.
The simulations were carried out with the time advance calculated for every collision. At intervals of time the number of each species and their velocity distributions were determined and saved for later analysis. The sums of energies and momenta for all molecules were checked at the same intervals.
SET I-NEAR THERMAL EQUILIBRIUM
The first system simulated is one in which the bimolecular reaction A + B -+ C f D occurs under conditions leading to near thermal equilibrium of reactants. The reaction rate is relatively slow and the total collision rate for reactants is large compared to the reaction rate. Relaxation is rapid in comparison to reaction. The reaction is energetically neutral and the initial condition is that of thermal equilibrium. Additional details are given in Table I .
The reaction occurs according to a line-of-centers model with a probability (equivalent to a steric factor) P, = 0.1 if the kinetic energy of motion along the line of centers E, of the colliding spheres exceeds a minimum energy E * of 5.0 kcal/mol. A detailed analysis of characteristics of this model is given in many textbooks in chemical kinetics. For hard 
For this model the activation energy E,, defined by k = AT "* exp( -E,/kT), is equal to the energy required E*. Results for a run with an initial temperature of 1000 K are listed in Table II and shown in Fig. 1 analytic predictions for reactants in thermal equilibrium as given by Eq. (19) are also shown. It may be seen that the agreement is nearly exact, as expected. The concentration-time curve for 500 K is shown in Fig.  2 . This is also in agreement with the analytic results for thermal reactants. Similar agreement is observed for 600, 700, 800, and 900 K. k ' = 5.84X lo3 cm3/molecule s. Similar curves for other temperatures are also straight lines and yield the rate constants listed in Table III. A plot of ln( k '/V2 ) vs l/T for the runs of set I is shown in Fig. 4 . The curve is a straight line with a slope of -25 12 K -' which yields an activation energy of 4.99 kcal/ mol. This agrees with the analytic prediction which gives E, = E * = 5 kcal/mol. The velocity distributions for collisions of A and Bin the course of the reactions are found to be very close to those which would occur for Maxwellian distributions of each species. The distribution function for collision energies E,, = 4 p&, for colliding molecules in a system at thermal equilibrium is ' ' fUL ML, = exp( -E,,,/kT)(E,,,/kT)dE,,,.
The observed velocity distribution for collisions of A and B in the simulation at 1000 K for the time interval between 0.543 X 10V8 and 1.086X 10e8 s is plotted as a histogram in Fig. 5 . Also shown is the distribution for thermal equilibrium given by Eq. (22). The comparison indicates the distribution obtained in the simulation is very close to that for thermal equilibrium.
Comparison of the behavior of the simulations with the behavior predicted by analytic solutions, under conditions for which the analytic solutions are known to be correct, provides a good test of simulation method. The essentially exact agreement observed indicates the simulations pass the test.
SET II-DEPARTURES FROM THERMAL EQUILIBRIUM
The second system simulated is similar to the first and the reaction is A + B + C + D for hard sphere molecules, but the conditions are modified to speed up the reaction rate relative to the thermal equilibration rate for species A and B. The reaction model, the species masses, and the cross sections are different. The details are listed in Table IV. The reaction occurs according to a simple relative-velocity model with a probability P, = 1 .O if the kinetic energy of relative motion Erel exceeds the minimum value E * of 5 kcal/mol. For the hard spheres A and B the reaction cross (24) For this model the rate constant for thermal equilibrium of reactants is"
The thermal reaction rate is larger than that of the similar center-to-center model by the factor ( 1 + E */kT). Results for a run at the initial temperature of 1004 K are listed in Table V and shown in Fig. 6 . The corresponding predictions of Eq. (25) for thermal reactants are given for comparison. It may be seen that there is significant departure from the behavior for thermal reactants. The same slowing of rate, relative to that predicted for thermal reactants, occurs for runs at other initial temperatures in the range of 500 to 1000 K.
The departure from thermal behavior in the simulation produces curvature in a plot of l/[ A] vs t as shown in Fig. 7 . The variation in the effective rate constant, defined by ' (26) results in the curvature of what is straight line for thermal reactants.
The extents of departure of the reaction from equilibrium distributions vary over the course of the reaction. At the start the velocity distributions of A and B are equilibrium distributions. As the reaction depletes the supply of energetic molecules, the departures from equilibrium appear and continue to grow until the rate of collisional relaxation toward equilibrium balances the rate of depletion by reaction. The rate of depletion decreases as the reaction slows and the reactants which remain return toward equilibrium distributions as time passes. Thus the reactant distributions start at equilibrium, move away from equilibrium, and return toward equilibrium. The effective rate constant behaves in the same way: starting as the thermal rate constant, decreasing, and returning as the reaction proceeds to completion. The result is the curvature shown in Fig. 7 . A nonequilibrium distribution of collision energies for the run initially at 1000 K is shown in Fig. 8 . The distribution shown is a cumulative distribution over the time interval 0.755 X lo-lo to 1.59 1 x lo-" s which exhibits the greatest departure from equilibrium.
The rate constant for a nonequilibrium distribution of relative velocities may be obtained from an integration over the distribution of relative initial kinetic energies as in Eq. ( 19). For a reaction cross section which is constant for E,,, >E * this is easily carried out numerically using the velocity distribution data. The rate constant determined in this way is the same as that observed.
SET III-EFFECTS OF SAMPLE SIZE
The simulations of a system of N = 10" molecules with Monte Carlo calculations for a system of N' = lo5 appears entirely satisfactory, but it is clear that there is a lower limit to N' for a faithful representation of the real system. In most calculations of rarefied gas dynamics, which one may expect to be much less sensitive to N' because the flow into and out of a cell provides a larger effective sample size, a value of N' = 30 (per cell) is entirely satisfactory. In reaction systems the sensitivity to energy content of a cell is likely to be higher and the acceptable lower limit to N' is likely to be higher.
For example, in the real system of large N the energy required for reaction of two molecules E * is a tiny fraction of the total energy contained in the system, which is on the order of 4 NkT for structureless molecules. In an adiabatic simulation with N' = 30 at 500 K and E * = 5 kcal/mol the energy E * is about one-tenth the total energy, and the rate of energetic collisions would be far lower than the rate obtained with free exchange of energy with surroundings or with an added number of molecules. Our third set of calculations shows the effects of sample size and allows an estimate of an acceptable lower limit for single cell systems. These were done with calculations similar to those of set II using varied sample sizes N' in the range of 50 to 2000 molecules. To increase the effect of low sample size the energy requirement for reaction was specified as Ere, > E * = 20 kcal/mol. Except for the changes in N' and E * the conditions are those listed in Table IV. The change in concentration with time as calculated for a range of values of N' is shown in Fig. 9 . It is evident from the figure that a simulation with N' equal to 100 or less is unsatisfactory in representing the larger system. The effect of N' is further illustrated in Fig. 10 in which the fraction of reactant remaining is plotted against the reciprocal of N'. The curve is nearly linear and extrapolation to the left intercept is equivalent to extrapolation to the limit of large N'. For a sample size of 1000 molecules or greater the error due to finite sample size is less than about 1 part in 50. An acceptable value for N' is undoubtedly dependent on the system simulated but these results suggest a value of 1000 is a reasonable choice, subject to confirmation by direct testing of sensitivity of the results to variation in N'.
DISCUSSION
For these basic examples of reaction systems we find the direct simulation Monte Carlo method to be simple, straightforward, and easy to program. The computer codes for these reactions require about 300 lines in Fortran and the longest runs, for set I at 500 K with 50 000 simulated molecules, require less than 1 h on an IBM 3090-6008 with vector processing. For set II only a few minutes of calculation is required for each run.
We note that the reactions used were fast reactions and computation requirements for many systems are likely to be prohibitively large. Nevertheless, we find in preliminary calculations for a fast reaction in a distributed system of several thousand cells with a minimum number of molecules in each cell that computation requirements are reasonably low.
If the efficiency of computers continues to increase at the same rate as it has since 1960, it will not be many years before most reaction systems can be treated using the direct simulation Monte Carlo method. Even by 2001, the 100th anniversary of Kelvin's first report of Monte Carlo calculations for a system of colliding molecules, the method is likely to be the method of choice for a large number of practical systems.
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